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Abstract 



We prove that the multiplicity of each irreducible component in the W(g[ n )-cyclic module generated by 
the l-th power det^(A)' of the a-determinant is given by the rank of a matrix whose entries are given by a 
Qh ' variation of the spherical Fourier transformation for (6„;,S™). Further, we calculate the matrix explicitly 

when n = 2. This gives not only another proof of the result by Kimoto-Matsumoto-Wakayama (2007) but 
also a new aspect of the representation theory of the a-determinants. 
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■ 1 Introduction 

On 

Let n be a positive integer. We denote by & n the symmetric group of degree n. For a permutation a 6 6„, we 
define 

= - l)mi(tr) (ae& n ), 

i>i 

where rrii(a) is the number of i-cycles in the disjoint cycle decomposition of a. We notice that v(-) is a class 
function on & n . It is easy to see that (— l) 1 ^* 7 ' = sgn a is the signature of a permutation a. 

Let a be a complex number and A = (aij)i<ij< n an n by n matrix. The a-determinant det^ a \A) of A is 
defined by 



det^(A) d ^ f ^ ^Ma CT(1)1 a a(2)2 . . . a a{n)n . (1.1) 



We readily see that the a-determinant dev Q ^(j4) coincides with the determinant det(A) (resp. permanent 
per(A)) of A when a = — 1 (resp. a = 1). Hence we regard the a-determinant as a common generalization of 
the determinant and permanent. 

The a-determinant is first introduced by Vere- Jones |llj . He proved the identity 



oc 

dctii-aAy 1 ^ = Y,-n Yl det(Q) 



fc! 

k—0 l<2i,...,ifc<7i 



\Cti k i 1 . . . 0>i k i k/ 



(1.2) 



for an n by n matrix A — (cHj)i<i,j<n such that the absolute value of any eigenvalue of A is less than 1. Here 
/ denotes the identity matrix of suitable size. His intention of the study of the a-determinant is an application 
to probability theory. Actually, the identity (|1.2[) supplies a unified treatment of the multivariate binomial and 
negative binomial distributions. Further, Shirai and Takahashi [10] proved a Fredholm determinant version of 
(II. 2p for a trace class integral operator and use it to define a certain one-parameter family of point processes. 
We note that a pfaffian analogue of the Vere- Jones identity (|1.2[) has been also established and is applied to 
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probability theory by Matsumoto [7] • It is also worth noting that (|1.2p is obtained by specializing pi (x) — a 1 1 
and regarding y\ , . . . , y n as eigenvalues of A in the Cauchy identity 

i.j>l yJ A 

where A in the right-hand side runs over the set of all partitions, z\ denotes the cardinality of the centralizcr 
of a permutation whose cycle type is A, and p\ denotes the power-sum symmetric function corresponding to A 
(see [6] for detailed information on symmetric functions). In fact, under the specialization, the left-hand side 
of (|1.3[) becomes det(l — at)^ 1 ^ 01 and the right-hand side represents its expansion in terms of a-determinants 
(see also [3])- 

In this article, we focus our attention on the representation-theoretic aspect of the a-determinant. Let 
U(gl n ) be the universal enveloping algebra of the general linear Lie algebra g[„ = gl n (C), and ■p(Matn) be the 
polynomial algebra in the n 2 variable Xij (1 < i,j < n). We put X = (iij)i<»,j<n an d write an element in 
■p(Mat„) as f(X) in short. The algebra ■p(Matn) becomes a left W(g[ n )-module via 

s—l 3 s 

for f(X) e ^(Matn) where {Ei }i<i,j<n is the standard basis of gl„. Now we regard the a-determinant 
det (Q) (X) of X as an element in T^Mat^) and consider the cyclic submodule 

V n ,i(a)= U(Ql n )-det {a \x) 1 

of V{MaX n )- Since 

K,i(-1) = U( 3 l n ) ■ det(X) = MT\ K,i(1) - «(flU • det(X) = M<?\ (1.4) 

the module V ny i(ct) is regarded as an interpolation of these two irreducible representations. Here we denote 
by the irreducible W(g[„)-module whose highest weight is A. We notice that we can identify the dominant 
integral weights with partitions as far as we consider the polynomial representations of U(gl n ). 
Our main concern is to solve the 

Problem 1.1. Describe the irreducible decomposition of the W(jj[ n )-module V n ,i (a) explicitly. 

In [4], the following general result on V nt i(a) is proved. 

Theorem 1.2. For each AhnI such that £(\) < n, there exists a certain square matrix F n t (a) of size -R'a(;") 
whose entries are polynomials in a such that 

e(\)<n 

Here Kx^ denotes the Kostka number and £(X) is the length of A. 

We call this matrix F^i(a) the transition matrix for A in V n ,l(oi)- We notice that the transition matrix is 
determined up to conjugacy. Thus, Problcm ll.ll is reduced to the determination of the matrices F„ ;(a) relative 
to a certain (nicely chosen) basis. Up to the present, we have obtained an explicit form of i^;(a) in only several 
particular cases. 

Example 1.3. When I — 1, Problem II. II is completely solved in [5] as follows: For each positive integer n, we 
have 

V n Aa)=U( S l n )-dS a \x)= {M x n ) mf \ (1.5) 

Ahn 
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where /a (en) is a (modified) content polynomial 



Ma) = nn( i+ c? 

i=i j=i 



In other words, for each Ahn, we have 



, . > \ , , r , N a G {1/fc; 1< fc < £(A)} U {-1/fc; 1< fc < Ai}, 
multiplicity of .M* in V„i (a) = <^ i / > _ v u \ / . - u > ^ ^ 

f otherwise. 



The transition matrix F n 1 (cn) in this case is given by f\(a)I. 

Example 1.4. When n = 2, the transition matrix ;(a) is of size 1 (i.e. just a polynomial) and it is shown 
in [H Theorem 4.1] that 



V 2 , l (a)=U(Qi 2 )-det^(X) 1 ^ Mf" S ' s) , (1-7) 

0<s<l 



where we put 



F% l - s ' s \a) = (l + a) l - s G l s (a), 



, =0 (-Oi f- ■ 

Here (a)j = T(a + j)/T(a) is the Pochhammer symbol. We note that G l s (a) is written by a Jacobi polynomial 
as 

G l s (a) = ( S_ g _1 ) P ( - i - 1,2 '- 2s+1) (l + 2a). 

In this paper, we show that the entries of the transition matrices F^i(ot) are given by a variation of the 
spherical Fourier transformation of a certain class function on & n i with respect to the subgroup 6™ (Theorem 
I2.5p . This result also provides another proof of Theorem 11.21 Further, we give a new calculation of the 
polynomial F^i (a) in Example 11.41 by using an explicit formula for the values of zonal spherical functions 
for the Gelfand pair (&2n,&n x 6 n ) due to Bannai and Ito (Theorem 13. ip . 



2 Irreducible decomposition of V n j{a) 

Fix n, I G N. Consider the standard tableau T with shape (l n ) such that the -entry of T is (i — 1)1 + j. For 
instance, if n — 3 and 1 — 2, then 



1 


2 


3 


4 


5 


6 



We denote by K = R(T) and H = C(T) the row group and column group of the standard tableau T respectively. 
Namely, 

K = {g e & n i ; \g{x)~\ = \x] , x 6 [nZ]} , H = {g e G n i ; g(x) = a; (mod Z), a: 6 [nZ]} , (2.1) 
where we denote by [nZ] the set {1,2,..., rtZ}. We put 

e = w\^ k ^ c[&n[] - (2 - 2) 
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This is clearly an idempotent element in C[S„z]. Let ip be a class function on H. We put 



heH 



Consider the tensor product space V = (C n )® nl . We notice that V has a (U(gl n ), C[6„z])-module structure 
given by 



nl 

dcf r „ s ~ th 

' ■ ■ ® e,; i 



s=l 

''. . " ~ ^(l) 

where {ej}JLj denotes the standard basis of C™. The main concern of this section is to solve the 
Problem 2.1. Describe the irreducible decomposition of the left ^(gljj-module V ■ e<£>e. 



Here we show that Problem 12.11 includes Problem 1 1.1 1 as a special case. We consider the group isomorphism 
6 : H -> &' n defined by 

9(h) = {e(h) 1 ,...,e(h) l ); 6{h)i{x)=y ^ h((x - 1)1 + i) = (y - 1)1 + i. 
We also define an element D(X; (p) £ P(Mat n ) by 

n I n I 

D(X; tp) d = J2 V(h) J] J] xg {h)p(q)<g = J2 <P{h) JJ II x i,e{h)p\i) 

heH q=\p=\ h£H q=lp=l 

n I 

n p( ri ( ff i)--,ffi))nn^(i«' 

ai,...,(Ti&&„ q=l p=l 

We note that D(X;a"^) = det {a) (X) 1 since u{Q- 1 (a u . . . , 07)) = + • • • + i/(>i) for (cti, . . . , a t ) G Sf. 

Take a class function on H defined by 



S H (h) 



1 h = l 
M !• 



We see that D(X;8h) — (2:11^22 ■ ■ - x nn ) . We need the following lemma (see [H Lemma 2.1] for the proof of 

(1) . The assertion (2) is immediate). 

Lemma 2.2. (1) It holds that 

U{gl n ) ■ ef ® • ■ • ® ef = 1/ ■ e = Sym ; (C n )®", 

w(flU--D(X;<y H )= c.Hn^ = Sym'(cT" 

i p ,£{l,2,...,n} q=lp=l 
(1<P<1, l<q<n) 

(2) 77ie map 

n I 

T : U(gl n ) ■ D(X; 9 ]J JJ a;^, 1 — > {e hl ® • • • ® e ia ) ® • • • ® (e iln ® • • • ® e i; J • e e V ■ e 

q=l p=l 

is a bijective U(Ql n )-intertwiner. □ 
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We see that 



T (D(X; <p)) = ]T <p(h)T (f[ J] x e{h)piq) A 
hen \g=ip=i / 

= ^W( e 0(fc)i(i) ® • • • ® e e(h),(i)) <8>---<S) {e e(h)l[n) ® • • • <g e e(h)i( „)) • e 
® e® 1 • J] • e = ef 1 ® • ■ • ® ef ■ e$e 



heH 

= ef l 6 



heH 

by (2) in Lemma |2~21 Using (1) in Lemma \2. 21 we have the 
Lemma 2.3. It holds that 

U(Ql n )-D(X;cp)^V-e^e 

as a left lA(gl n ) -module. In particular, V ■ e$e = V n> i(a) if <p(h) = a u ^ h \ □ 
By the Schur-Weyl duality, we have 

0A4 A B«S A . 

Xhnl 

Here <S A denotes the irreducible unitary right 6„i-module corresponding to A. We see that 

dim(S A -e) = (ind%l K , 5 A ) @ = K x(ln) 

where Ik is the trivial representation of K and (w, p) e i is the intertwining number of given representations 7r 
and p of & n i. Since K\(i^) = unless £(X) < n, it follows the 

Theorem 2.4. It holds that 

V ■ e$e = M x M (S x ■ e$e) . 

Xhnl 
l(X)<n 

In particular, as a left U(gl n ) -module, the multiplicity of A4 X in V ■ e$e is given by 

t End(5 A -e)( 

□ 



dim (S x ■ e<f>e) = rk End(5 A. e) (e$e). 



Let A h nl be a partition such that £(X) < n and put d — K\^ n y We fix an orthonormal basis {e A , . . . , e A A } 
of <S A such that the first d vectors e A , . . . , form a subspace (S X ) K consisting of K- invariant vectors and left 
f x — d vectors form the orthocomplement of (S X ) K with respect to the ©^-invariant inner product. The matrix 
coefficient of S x relative to this basis is 

i>% (g) = (e x -g, e x ) s , (g 6 & nl , 1 < i,j < f x ). (2.3) 

We notice that this function is if-biinvariant. We see that the multiplicity of Ai x in V ■ e$e is given by the 
rank of the matrix 

\heH / l<i,j<d 

As a particular case, we obtain the 
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Theorem 2.5. The multiplicity of the irreducible representation in the cyclic module W(g[„) • det^ a \X) 1 
is equal to the rank of 

F^(a)=(^ aUlh) ^ h )\ > ( 2 - 4 ) 

VheiJ / i<ij<d 

where {ipiAij denotes a basis of the X-component of the space C(K\& n i/K) of K-biinvariant functions on & n i 
given by (12. 3[) . 

Remark 2.6. (1) By the definition of the basis {V^kj in we have F^(0) = I. 

(2) Since a v ^ 9 ) = a v ^ and ^(ff -1 ) = i>%{9) f° r am/ 5 £ &m, the transition matrices satisfy F^ d (a)* — 

(3) In Examples 11.31 and 11.41 the transition matrices are given by diagonal matrices. We expect that any 
transition matrix F n j(a) is diagonalizable in Matjf x(!n . (C[a]). 

Example 2.7 ( Example 1 1 .3(1 . If I = 1, then H = G = 6 n and if = {1}. Therefore, for any A h n, we have 

<i(^-^(^X A ) e „/ (2-5) 

by the orthogonality of the matrix coefficients. Here x A denotes the irreducible character of & n corresponding 
to A. In particular, if <p = a v ^', then 

F^(a) = h(a)I (2.6) 
since the Fourier expansion of a"^ (as a class function on <5„) is 



n 



E^^' (2.7) 



Ahr, 

which is obtained by specializing the Frobenius character formula for 6„ (see, e.g. [5]). 
The trace of the transition matrix F* j (a) is 

dcf , 

heH 

where lo x is the zonal spherical function for A with respect to K defined by 



F^(a) = trF„ A >) = ]T a^uj\h), (2.8) 



(9) = ^Ex A fe) (9£6 ni ). 



This is regarded as a generalization of the modified content polynomial since F* 1 (a) = f x f\(a) as we see above. 
It is much easier to handle these polynomials than the transition matrices. If we could prove that a transition 
matrix F nl is a scalar matrix, then we would have F nl = d~ 1 F^ l (a)I and hence we see that the multiplicity of 
Mn in V n ,i{a) is completely controlled by the single polynomial F* ; (a). In this sense, it is desirable to obtain 
a characterization of the irreducible representations whose corresponding transition matrices are scalar as well 
as to get an explicit expression for the polynomials F* l (a) . We will investigate these polynomials F* l (a) and 
their generalizations in [3] . 

Example 2.8. Let us calculate F^ 1 ' 1 '(a). We notice that x^ 71 ' -1 ' 1 ^^) = nx n((.9) — 1 where fix„; denotes the 
number of fixed points in the natural action & n i r\ [nl] . Hence we see that 

*i?- M) («) = E * v{h) m E( fix »^) - d = E «" (fc) iir E E w - E ^ 
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It is easily seen that khx ^ x for any k E K if hx ^ x (x G [nl]). Thus it follows that 

7^7 ^] ^2 Skhx,x= E 3hx, x ——'^25kx,x = -j-h'Xril(h) [h E H) . 

' ' keKx£[nl] x£[nl] ' ' keK 

Therefore we have 



I 

heH heH 



n-2 



= (n - 1)(1 - a)(l - (n - l)a)' _1 [J (1 + ia)'. 

We note that the transition matrix F^, 1-1 ' 1 ' is a scalar one (see [3]), so that the multiplicity of A4n 1 in 
V^(a) i 8 zero if ck G {1, —1, —1/2, . . ., — l/(n— 1)} and u — 1 otherwise. 

3 Irreducible decomposition of V^a) and Jacobi polynomials 

In this section, as a particular example, we consider the case where n = 2 and calculate the transition matrix 
F 2 i(a) explicitly. Since the pair (&2i,K) is a Gelfand pair (see, e.g. [6]), it follows that 

K KP) = (indf 21 Ik, 5 A \ =1 

for each A h 2n with ^(A) < 2. Thus, in this case, the transition matrix is just a polynomial and is given by 

F 2 » = tri^a) = £ a"W W x W = E ( ! V(^K- t 3 - 1 ) 



heH s=0 



Here we put g s = (1, Z + 1)(2, 1 + 2) . . . (s,l + s) E &2n- Now we write A = (21 — p,p) for some p (0 < p < I). 
The value o/ 2i_p ' p '(<7 s ) of the zonal spherical function is calculated by Bannai and Ito [2, p. 218] as 

= Q p (s; -I -1,-1- 1, 1) = ]T(-1- ^ (21 P + ^ ^ 

where 

\ a + 1, —TV 



jy v j / vj/ 



(~ n ~ v " ~ (~t t ox 1 



i'=0 

is the Hahn polynomial (see also [51 p. 399]). We also denote by n +iF n ai £ '"'° P _ N ; the hypergeometric 
polynomial 

- / ai,...,a p ^ = V Mi- ( q p)j ^ J 
for p, g, ./V E N in general (see pQ). Further, if we put 



3=0 



X 3 , 



then we have the 
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Theorem 3.1. Let I be a positive integer. It holds that 



forp = 0,1, 

Proof. Let us put x = —1/a. Then we have 



E HQ p (s;Z-l,/-l,Oa s =^(-l) J 

e — n V / 4— n 



J/ \ ^ / v 



s=0 v 7 j=0 

P 

/ f i \ / ' / — I ; -!- I \ / / \ 



3=0 



3 J \ J / \J 



and 



3=0 

Here we use the elementary identity 



Hence, to prove the theorem, it is enough to verify 



,1/ \ « J \l J * — ' \ 7 / \ 7 / \ 7 , 

Comparing the coefficients of Taylor expansion of these polynomials at x = 1 , we notice that the proof is reduced 
to the equality 

sacT-'io-rr 1 ) 

for < r < p, which is well known (see, e.g. (5.26) in [5]). Thus we have the conclusion. □ 



Thus we give another proof of the irreducible decomposition (II. 7|) . 
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